
National Aeronautics and
Space Administration

Langley Research Center
Hampton, Virginia 23681-2199

NASA/CR-2001-211256
ICASE Report No. 2001-38

High Order WENO Schemes for Hamilton-Jacobi
Equations on Triangular Meshes

Yong-Tao Zhang and Chi-Wang Shu
Brown University, Providence, Rhode Island

ICASE
NASA Langley Research Center
Hampton, Virginia

Operated by Universities Space Research Association

December 2001

Prepared for Langley Research Center
under Contract NAS1-97046











i j

k

3
2

1 4

5

6

7

8

9

G







i j

k

3
2

1
4

5

6

7

8

9

G

10

13

11

14

1215















x
-1 -0.5 0 0.5 1

-5.5

-5

-4.5

-4

-3.5

-3

-2.5

-2

-1.5

-1

T=2

x
-1 -0.5 0 0.5 1

-5.5

-5

-4.5

-4

-3.5

-3

-2.5

-2

-1.5

-1

T=2

x
-1 -0.5 0 0.5 1

-5.5

-5

-4.5

-4

-3.5

-3

-2.5

-2

-1.5

-1

T=8

x
-1 -0.5 0 0.5 1

-5.5

-5

-4.5

-4

-3.5

-3

-2.5

-2

-1.5

-1

T=8





x
-1 -0.5 0 0.5 1

-1.1

-1

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

3rd order, N=41

x
-1 -0.5 0 0.5 1

-1.1

-1

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

5th order, N=41

x
-1 -0.5 0 0.5 1

-1.1

-1

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

7th order, N=41



x
-1 -0.5 0 0.5 1

-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1
3rd order, N=41

x
-1 -0.5 0 0.5 1

-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1
5th order, N=41

x
-1 -0.5 0 0.5 1

-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1
7th order, N=41



x
-1 -0.5 0 0.5 1

-1.9

-1.8

-1.7

-1.6

-1.5

-1.4

-1.3

-1.2

-1.1

-1

3rd order, N=81

x
-1 -0.5 0 0.5 1

-1.9

-1.8

-1.7

-1.6

-1.5

-1.4

-1.3

-1.2

-1.1

-1

5th order, N=81

x
-1 -0.5 0 0.5 1

-1.9

-1.8

-1.7

-1.6

-1.5

-1.4

-1.3

-1.2

-1.1

-1

7th order, N=81



X

Y

-2 -1 0 1 2
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2



X

Y

-2 -1 0 1 2
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-1

-0.5

0

0.5

-2-1.5-1-0.500.511.52

X

-2

-1

0

1

2

Y

3rd-order Linear Scheme, h=1/10

-1

-0.5

0

0.5

-2-1.5-1-0.500.511.52

X

-2

-1

0

1

2
Y

3rd-order WENO Scheme, h=1/10



-1

-0.5

0

0.5

-2-1.5-1-0.500.511.52

X

-2

-1

0

1

2

Y

4th-order Linear Scheme, h=1/10

-1

-0.5

0

0.5

-2-1.5-1-0.500.511.52

X

-2

-1

0

1

2

Y

4th-order WENO Scheme, h=1/10

-1

-0.5

0

0.5

1

-2
-1.5

-1
-0.5

0
0.5

1
1.5

2

X

-2

-1

0

1

2

Y

3rd-order Linear Scheme, 1473 nodes

-1

-0.5

0

0.5

1

-2
-1.5

-1
-0.5

0
0.5

1
1.5

2

X

-2

-1

0

1

2

Y

3rd-order WENO Scheme, 1473 nodes



-1

-0.5

0

0.5

1

-2
-1.5

-1
-0.5

0
0.5

1
1.5

2

X

-2

-1

0

1

2

Y

4th-order Linear Scheme, 1473 nodes

-1

-0.5

0

0.5

1

-2
-1.5

-1
-0.5

0
0.5

1
1.5

2

X

-2

-1

0

1

2

Y

4th-order WENO Scheme, 1473 nodes

X

Y

-1 -0.5 0 0.5 1-0.2

-0.1

0

0.1

0.2



x
-1 -0.5 0 0.5 1

-2

-1.9

-1.8

-1.7

-1.6

-1.5

-1.4

-1.3

-1.2

-1.1

-1

-0.9

-0.8

exact
h=1/20
h=1/40
h=1/80

2D 3rd-order Linear Scheme



x
-1 -0.5 0 0.5 1

-2

-1.9

-1.8

-1.7

-1.6

-1.5

-1.4

-1.3

-1.2

-1.1

-1

exact
h=1/20
h=1/40
h=1/80

2D 3rd-order WENO Scheme

x
-1 -0.5 0 0.5 1

-2

-1.9

-1.8

-1.7

-1.6

-1.5

-1.4

-1.3

-1.2

-1.1

-1

exact
h=1/20
h=1/40
h=1/80

2D 4th-order WENO Scheme



x
-1 -0.5 0 0.5 1

-2

-1.9

-1.8

-1.7

-1.6

-1.5

-1.4

-1.3

-1.2

-1.1

-1

exact
h=1/160
h=1/320
h=1/640

2D 1st-order Monotone Scheme

-2

0

2

-1

-0.5

0

0.5

1

X

-1
-0.5

0
0.5

1

Y

3rd order WENO, h=1/20

-2

0

2

-1

-0.5

0

0.5

1

X

-1
-0.5

0
0.5

1

Y

4th order WENO, h=1/20



0

1

2

-3-2-10123

X

-2

0

2
Y

3rd-order WENO scheme, h=2 /60

0

1

2

-3-2-10123

X

-2

0

2
Y

4th-order WENO scheme, h=2 /60

-1

-0.5

0

0.5

1

-2

0

2

X
-2

0
2

Y

3rd-order WENO scheme, h=2 /60

-1

-0.5

0

0.5

1

-2

0

2

X
-2

0
2

Y

4th-order WENO scheme, h=2 /60



X

Y

0 0.25 0.5 0.75 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

7438 elements, 3820 nodes

-1.6

-1.55

-1.5

-1.45

-1.4

0

0.2

0.4

0.6

0.8

1

X

0
0.2

0.4
0.6

0.8
1

Y

3rd-order WENO, 7438 elements, 3820 nodes

-1.6

-1.55

-1.5

-1.45

-1.4

0

0.2

0.4

0.6

0.8

1

X

0
0.2

0.4
0.6

0.8
1

Y

4th-order WENO, 7438 elements, 3820 nodes



X

Y

-1 -0.5 0 0.5 1
-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

5598 triangles, 2949 nodes

0

0.2

0.4

-1

-0.5

0

0.5

1

X

-1

-0.5

0

0.5

1

Y

4th-order WENO, 5598 triangles, 2949 nodes



-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0
0.5

1

X00.250.50.751

Y

t=0.9

t=0.6

t=0.3

t=0.0
- 0.35

4th order WENO, Non-uniform mesh, = 0

-0.5

0

0.5

1

1.5

0
0.5

1

X00.250.50.751

Y

t=0.6

t=0.3

t=0.1
- 0.2

t=0.0
- 0.85

4th order WENO, uniform mesh, = 0.1

0

0.2

0.4

0.6

0.8

1

-1
-0.5

0
0.5

1 X

-1
-0.5

0
0.5

1Y

3rd-order WENO scheme, h=2/50

0

0.2

0.4

0.6

0.8

1

-1
-0.5

0
0.5

1 X

-1
-0.5

0
0.5

1Y

4th-order WENO scheme, h=2/50




